$\mathbb{Z}_{2}$-coefficient homology $(1, 2)$-systolic freedom of
  $\mathbb{R}\mathbb{P}^{3}$ # $\mathbb{R}\mathbb{P}^{3}$ by Chen, Lizhi
ar
X
iv
:1
40
2.
45
04
v3
  [
ma
th.
DG
]  
30
 N
ov
 20
14
Z2-COEFFICIENT HOMOLOGY (1, 2)-SYSTOLIC
FREEDOM OF RP3#RP3
LIZHI CHEN
Abstract. We prove the 3-manifold RP3#RP3 is of Z2-coefficient
homology (1, 2)-systolic freedom. Given a Riemannian metric on
RP3#RP3, we define Z2-coefficient homology 1-systole as the in-
fimum of lengths of all nonseparating geodesic loops representing
nontrivial classes in H1(RP
3#RP3;Z2). The Z2-coefficient homol-
ogy 2-systole is defined to be the infimum of areas of all nonseparat-
ing surfaces representing nontrivial classes in H2(RP
3#RP3;Z2).
In the paper we show that there exists a sequence of Riemannian
metrics on RP3#RP3 such that the volume of RP3#RP3 cannot be
bounded below in terms of the product of Z2-coefficient homology
1-systole and Z2-coefficient homology 2-systole.
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1. Introduction
Let M be a compact 3-manifold with the Riemannian metric G,
denoted (M,G). The length of a loop γ in (M,G) is denoted LengthG(γ),
and the area of a surface Σ in (M,G) is denoted AreaG(Σ). Let Z be
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the ring of all integers and Z2 be the ring Z/2Z. We use the convention
that a 3-manifold is closed if it is compact and without boundary.
Definition 1.1. Let (M,G) be a closed compact Riemannian 3-manifold.
(1) The Z2-coefficient homology 1-systole of (M,G), denoted
SysH1(M,G;Z2),
is defined as
inf
ℓ
LengthG(ℓ),
where the infimum is taken over all nonseparating loops ℓ which
represent nontrivial classes in H1(M ;Z2).
(2) The Z2-coefficient homology 2-systole of (M,G), denoted
SysH2(M,G;Z2),
is defined as
inf
Σ
AreaG(Σ),
where the infimum is taken over all nonseparating surfaces Σ
which represent nontrivial classes in H2(M ;Z2).
In this paper, we investigate the question of whether the Riemannian
volume of a 3-manifold M can be bounded below in terms of its Z2-
coefficient homology systoles.
Definition 1.2. A closed compact 3-manifold is of Z2-coefficient ho-
mology (1, 2)-systolic freedom if
inf
G
VolG(M)
SysH1(M,G;Z2) · SysH2(M,G;Z2) = 0,
where the infimum is taken over all Riemannian metrics G on M .
Let RP3#RP3 be the connected sum of two real projective 3-spaces.
We prove the following result in this paper.
Main Theorem 1.3. The 3-manifold RP3#RP3 is of Z2-coefficient
homology (1, 2)-systolic freedom.
Previously in 1999, Freedman [19] proved the following result of Z2-
coefficient homology (1, 2)-systolic freedom.
Theorem 1.4 (Freedman [19]). The 3-manifold S2 × S1 is of Z2-
coefficient homology (1, 2)-systolic freedom.
Freedman’s theorem provides the first answer to the following ques-
tion. LetM be a closed compact 3-manifold with nontrivial H1(M ;Z2)
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and H2(M ;Z2). It is not known if there exists a positive constant C
so that
inf
G
VolG(M)
SysH1(M,G;Z2) · SysH2(M,G;Z2) > C,
where the infimum is taken over all Riemannian metrics G on M . Gro-
mov conjectured the existence of such a positive constant C, see [34]
or [19]. However, Freedman’s theorem gives a counterexample to Gro-
mov’s conjecture. Our theorem 1.3 is the second result for Z2-coefficient
homology (1, 2)-systolic freedom of 3-manifolds.
Similarly, the Z-coefficient homology 1-systole of a Riemannian 3-
manifold (M,G), denoted SysH1(M,G;Z), is defined to be the infimum
of lengths of all nonseparating loops which represent nontrivial classes
in H1(M ;Z). The Z-coefficient homology 2-systole of (M,G), denoted
SysH2(M,G;Z),
is defined to be the infimum of areas of all nonseparating surfaces which
represent nontrivial classes in H2(M ;Z). The Z-coefficient homology
(1, 2)-systolic freedom of (M,G) is defined in a way similar to Definition
1.2, see Babenko and Katz [4, 1.6].
Theorem 1.5 (Bergery and Katz [8]). The 3-manifold S2 × S1 is of
Z-coefficient homology (1, 2)-systolic freedom.
Moreover, according to Babenko, Bergery and Katz [4], the following
theorem is obtained.
Theorem 1.6 (Babenko and Katz [4]). Let M be a compact orientable
3-manifold. Then M is of Z-coefficient homology (1, 2)-systolic free-
dom.
Katz and Suciu’s result in [35] leads to the following theorem.
Theorem 1.7 (Katz and Suciu [35]). For an orientable 3-manifold M
with H2(M ;Z) torsion free,
inf
G
VolG(M)
SysH2(M,G;Z)3/2 = 0,
where the infimum is taken over all Riemannian metrics G on M .
The Z-coefficient homology systolic freedom widely exists, see Gro-
mov [23, 4.45 and Appendix D], Be´rard-Bergery and Katz [8], Katz
[28, 29], Pittet [39], Babenko and Katz [4], Babenko and Katz and
Suciu [5], Katz and Suciu [34, 35], Babenko [2, 3].
The paper is organized as follows. In section 2, we have a brief
introduction to systolic geometry. In section 3, we introduce some pre-
liminary knowledge of 3-manifolds with surface bundle strucutre. The
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definition of Dehn surgery is also introduced in this section. In sec-
tion 4, we review Freedman’s technique in the proof of Z2-coefficient
homology (1, 2)-systolic freedom of S2 × S1. In section 5, we investi-
gate properties of Z2-coefficient homology systoles for 3-manifolds with
semibundle structure. Section 6 contains the proof of Main Theorem
1.3.
2. A brief review of systolic geometry
LetM be a manifold with the Riemannian metric G, denoted (M,G).
Definition 2.1. The homotopy 1-systole of (M,G), denoted Sys π1(M,G),
is defined to be the infimum of lengths of all noncontractible loops in
M .
The research of systolic geometry is initiated by Loewner and Pu.
Loewner proved the first systolic inequality for homotopy 1-systole on
torus.
Theorem 2.2 (Loewner, see Pu [40] or Katz [30]). For every Rie-
mannian metric G defined on a torus T2,
Sys π1(T
2,G)2 6 2√
3
VolG(T
2), (2.1)
where equality holds for a metric G realizing a flat hexagonal torus.
After Loewner, Pu [40] proved another inequality for homotopy 1-
systole on real projective plane RP2.
Theorem 2.3 (Pu [40]). For every Riemannian metric G defined on a
real projective plane RP2,
Sys π1(RP
2,G)2 6 π
2
VolG(RP
2), (2.2)
where equality holds for metrics G with constant curvature.
Define the optimal systolic ratio SR(M) of an n-dimensional mani-
fold M to be
inf
G
VolG(M)
Sys π1(M,G)n ,
where the infimum is taken over all Riemannian metrics G on M .
Loewner inequality (2.1) implies that SR(T2) =
√
3
2
, and SR(RP2) = 2
π
by Pu inequality (2.2). Moreover, Bavard [7] proved that the optimal
systolic ratio of Klein bottle RP2#RP2 is equal to 2
√
2
π
, which is realized
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by a singular metric. Based on Pu inequality and Gromov’s inequality
[21, Corollary 5.2.B.], Croke and Katz [16] summarized that
SR(Σ) >
2
π
for any closed surface Σ other than the 2-sphere S2. For a closed
surfaces Σ other than S2,T2,RP2,RP2#RP2, the optimal systolic ratio
is unknown.
A topological space K is aspherical if all higher homotopy groups
πi(K) vanish, with i > 2. An n-dimensional manifold M is essential
if there exists a map f : M → K to an aspherical topological space
K such that f∗([M ]) 6= 0 with the fundamental class [M ] ∈ Hn(M ;Z)
whenM is orientable, and with the fundamental class [M ] ∈ Hn(M ;Z2)
when M is nonorientable. Gromov [21] showed the existence of systolic
inequality for homotopy 1-systole of essential manifolds.
Theorem 2.4 (Gromov [21]). Let M be an essential n-dimensional
manifold. For any Riemannian metric G defined on M ,
Sys π1(M,G)n 6 C(n) VolG(M),
where C(n) =
(
6(n+ 1) · nn ·
√
(n+ 1)!
)n
.
The Z-coefficient (or Z2-coefficient) homology k-systole of a Rie-
mannian n-dimensional manifold (M,G) is defined to be the infimum
of volumes of all cycles representing nontrivial k-classes of Hk(M ;Z)
(orHk(M ;Z2)), denoted SysHk(M,G;Z) (or SysHk(M,G;Z2)). For Z-
coefficient (or Z2-coefficient) homology k-systoles, there are phenomena
of systolic freedom, see Section 1 of this paper and references therein.
The norm of a homology class α ∈ Hk(M ;Z), denoted ‖α‖, is defined
to be
inf
c
VolG(c),
where the infimum is taken over all cycles c representing α. The stable
norm of α ∈ Hk(M ;Z), denoted ‖α‖s, is defined to be
lim
i→∞
‖iα‖
i
.
Definition 2.5. The stable k-systole of (M,G), denoted Stsysk(M,G),
is defined to be
inf
α
‖α‖s,
where the infimum is taken over all nontrivial homology classes α in
Hk(M ;Z).
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Theorem 2.6 (Gromov [21]). Let M be a connected and closed ori-
entable n-dimensional manifold. Let (k1, k2, · · · , kp) be a partition of n,
i.e. an unordered sequence of positive integers such that n =
∑p
i=1 ki.
If there are cohomology classes βi ∈ Hki(M ;R) with nonzero cup prod-
uct β1 ∪ β2 ∪ · · · ∪ βp ∈ Hn(M ;R), then for every Riemannian metric
G on M ,
p∏
i=1
Stsysi(M,G) 6 C VolG(M),
where C is a positive constant which only depends on the dimension n,
the partition (k1, k2, · · · , kp) and the Betti numbers bki(M).
More results of stable systoles can be found in Brunnbauer [12],
Bangert and Katz [6], Hebda [25].
Expository of systolic geometry and topology include Berger [11, 7.2],
Croke and Katz [16], Gromov [22], Katz [30], Guth [24], Chen and Li
[15]. For recent progress, we can see Katz et al [31], Katz and Sabourau
[32, 33], Belolipetsky [9], Belolipetsky and Thomson [10], Nakamura
[37], Lakeland and Leininger [36], A´lvarez Paiva and Balacheff [38].
3. 3-manifolds with surface bundle structure
In this section, we introduce some preliminary knowledge of 3-manifolds
with surface bundle structure, i.e., 3-manifolds which fiber over the ci-
crcle. The class of 3-manifolds with surface bundle structure plays an
important role in the theory of 3-manifolds, see [1, 43]. Thurston’s the-
ory establishes a geometric classification for 3-manifolds with surface
bundle structure. The 3-manifold which fibers over circle has a map-
ping torus structure. The classification theorem of Thurston is based
on the classification of the monodromy of mapping torus. In order to
explain Thurston’s theorem, we introduce the mapping class group of
surfaces. The Dehn-Lickorish theorem implies that the mapping class
group of surfaces is generated by Dehn twists, which is a fundamental
theorem in mapping class group theory. Finally we introduce Dehn
surgery of 3-manifolds, which is used in the construction of metrics
exhibiting systolic freedom, see Section 4 and Section 6.
Let S be a connected and closed orientable surface. In this paper,
we use the convention that a surface is closed if it is compact and
without boundary. We use Diff+(S) to denote the group of orientation
preserving diffeomorphisms. And Diff0(S) stands for the subgroup of
Diff+(S) which consists of elements isotopic to the identity.
Definition 3.1. The mapping class group of S, denoted Mod(S), is
defined to be the group of isotopy classes of orientation preserving
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diffeomorphisms of S:
Mod(S) = Diff+(S)/Diff0(S).
An element inMod(S) is called a mapping class. The Dehn-Lickorish
theorem shows that the mapping class group of an oriented surface is
generated by Dehn twists. Let A be the annulus S1 × [0, 1], which is
represented by
{(ei θ, t) |0 6 θ 6 2π, 0 6 t 6 1}.
Or equivalently, we represent A by the set
{(θ, t) |0 6 θ 6 2π, 0 6 t 6 1}.
A twisting map ψ : A→ A is defined as
(θ, t) 7→ (θ + 2πt, t).
Let γ be a simple loop in S, with a regular neighborhood C (γ) ⊂ S.
There exists an orientation preserving diffeomorphism H : C (γ)→ A.
Definition 3.2. The Dehn twist about γ, denoted Dγ , is defined to be
the diffeomorphism H−1 ◦ ψ ◦H : C (γ)→ C (γ).
In the convention, we call Dγ a positive Dehn twist, sometimes de-
noted D+γ , which is a left twist. And D
−1
γ is called a negative Dehn
twist, denoted D−γ . Let Σg be a closed orientable surface with genus g.
The following theorem is called Dehn-Lickorish theorem.
Theorem 3.3 (Farb and Margalit [17, Theorem 4.1] ). The mapping
class group Mod(Σg) is generated by finitely many Dehn twists along
nonseparating simple loops in Σg.
Remark 3.4. Proved by Humphries, the number of nonseparating sim-
ple loops in Dehn-Lickorish theorem can be taken as 2g + 1, see [17].
Remark 3.5. On a closed orientable hyperbolic surface (Σg,G), Luo
proved that the number of Dehn twists in Dehn-Lickorish theorem is
computable, see [20].
Theorem 3.6 (Freedman, Meyer and Luo [20, Appendix, Theorem 12.9]
). There exists a computable constant C(g, r) so that each isometry of
Σg is isotopic to a composition of positive and negative Dehn twists
D±1c1 ◦D±1c2 ◦ · · · ◦D±1ck , where k 6 C(g, r), and r is the injectivity radius
of Σg. Moreover, for each i, LengthG(ci) 6 C(g, r).
When r > log 2, we have C(g, r) > gg
g···g
(there are 3g−3 exponents).
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The elements of Mod(Σg) are classified into three types: periodic,
reducible and pseudo-Anosov, see [17, 13.3]. A class f ∈ Mod(Σg)
is periodic if it is of finite order. For a periodic mapping class f ∈
Mod(Σg), there exists a representative φ ∈ Diff+(Σg) so that φ is of
finite order, see [17, Theorem 7.1].
Let M be a smooth manifold, and let φ : M → M be a diffeomor-
phism.
Definition 3.7. The mapping torus Mφ is defined to be a fiber bundle
over the diffeomorphism map φ with fiber the manifold M, which can
be obtained from the cylinder M × [0, 1] by identifying the two ends
via the map φ.
A 3-manifold is called with surface bundle structure if it is a fiber
bundle over the circle S1 with fiber a closed orientable surface. A
3-manifold M with surface bundle structure is a mapping torus, i.e.,
M = Σg × [0, 1]/(x, 0) ∼ (φ(x), 1),
where Σg is the fiber surface ofM, and the mapping class represented by
φ : Σg → Σg is called the monodromy ofM. According to Thurston, the
geometric structure of M is dependent on the type of the monodromy
φ. Let H2 be the hyperbolic plane, and R be the Euclidean line. The
following proposition is contained in Thurston’s theorem.
Proposition 3.8 (Farb and Margalit [17, Theorem 13.4]). Let M be a
3-manifold with surface bundle structure. ThenM has H2×R geometric
structure if and only if the monodromy of M is periodic.
At last of this section, we introduce Dehn surgery of 3-manifolds.
Let M be a 3-manifold, with boundary possibly. Let K be a knot in
the interior of M. We use T (K) to denote a tubular neighborhood of
γ in the interior of M, which is a solid torus. Let γ be a loop in the
boundary torus ∂T (K).
Definition 3.9. The Dehn surgery on M with respect to the knot K
and the loop γ is the following construction:
M ′ = (M − (T (K))◦) ∪f T˜ ,
where T˜ is a solid torus, and f : ∂T˜ → ∂T (K) is a homeomorphism
on the boundary tori, such that the meridian loop of ∂T˜ is mapped
onto the loop γ in ∂T (K).
It is called the Dehn filling of gluing a solid torus T˜ to the 3-manifold
M − (T (K))◦ with torus boundary. We can see [41] for more about
Dehn surgery.
Z2-COEFFICIENT HOMOLOGY (1, 2)-SYSTOLIC FREEDOM OF RP
3#RP3 9
4. Z2-coefficient homology (1, 2)-systolic freedom of
S2 × S1
Freedman [19] (see also [20]) proved that the 3-manifold S2 × S1 is
of Z2-coefficient homology (1, 2)-systolic freedom. We introduce Freed-
man’s technique in this section. Another interpretation of Freedman’s
work can be found in Fetaya [18].
In Freedman’s proof, a sequence of arithmetic hyperbolic surfaces
{Σgk}∞k=1 is constructed first. In terms of the hyperbolic surface Σgk ,
a Riemannian mapping torus Mgk with the metric Gk is constructed,
where the Riemannian metric Gk is locally isometric to the standard
product metric on H2 × R. The mapping torus Mgk has fiber surface
Σgk . A new 3-manifold homeomorphic to S
2 × S1, denoted S2 × S1gk ,
is obtained by performing a series of Dehn surgeries on Mgk . After
specifying the metric change in Dehn surgeries, we have a Riemannian
metric Ĝk on S2 × S1gk . The metric change in Dehn surgeries is not
given in Freedman’s papers [19] and [20]. We will describe such a
metric change in Section 6 of this article. Based on topological and
geometrical properties of Mgk as well as the metric change in Dehn
surgeries, Freedman estimated the growth of SysH1(S
2 × S1, Ĝk;Z2)
and SysH2(S
2×S1, Ĝk;Z2) as well as the volume VolĜk(S2×S1). These
estimations yield that
inf
k
VolĜk(S
2 × S1)
SysH1(S2 × S1, Ĝk;Z2) · SysH2(S2 × S1, Ĝk;Z2)
= 0. (4.1)
Hence the 3-manifold S2×S1 is of Z2-coefficient homology (1, 2)-systolic
freedom. We show more details of Freedman’s technique in the follow-
ing.
Let p be a prime number such that p ≡ 3(mod 4). Define the group
Γ(−1, p) as
{(
a+ b
√
p −c+ d√p
c+ d
√
p a− b√p
)∣∣∣∣ a, b, c, d ∈ Z, det = 1
}/
± I2,
where det denotes the determinant of 2 × 2 matrix, and I2 denotes
the 2× 2 identity matrix. The group Γ(−1, p) is an arithmetic Fuchsian
group derived from the quaternion algebra
(−1, p
Q
)
,
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see Schmutz Schaller [42]. Let N > 2 be a positive integer. Define the
N -th congruence subgoup of Γ(−1, p) as{(
1 +N(a + b
√
p) N(−c + d√p)
N(c + d
√
p) 1 +N(a− b√p)
)∣∣∣∣ a, b, c, d ∈ Z, det = 1
}/
±I2,
denoted Γ(−1, p)(N). In terms of the congruence subgroup Γ(−1, p)(N),
we construct an arithmetic Riemann surface H2/Γ(−1, p)(N), which has
the following properties.
Proposition 4.1 (Schmutz Schaller [42]). (1) The arithmetic Rie-
mann surface H2/Γ(−1, p)(N) is hyperbolic.
(2) If the genus of H2/Γ(−1,p)(N) is denoted genus(N), then
ApN
2
6 genus(N) 6 BpN
3,
where Ap and Bp are two positive constants which only depend
on p.
(3) Let GH2 be the hyperbolic metric on H2/Γ(−1, p)(N). We have
Sys π1(H
2/Γ(−1, p)(N),GH2) > C1 logN,
where C1 is a fixed positive constant independent of N.
In the following, we use Σg to denote the arithmetic hyperbolic sur-
face H2/Γ(−1, p)(N) with genus g. Proposition 4.1 implies that
Sys π1(Σg,GH2) > C2 log g, (4.2)
where C2 is a fixed positive constant independent of g. Moreover, ac-
cording to Buser and Sarnak [14], we have
λ1(Σg) > c1, (4.3)
where λ1 is the first eigenvalue of the Laplacian on Σg, and c1 is a
fixed positive constant independent of g. Let A be a connected open
subset of Σg, with area less than half of the area of Σg. By Buser’s
isoperimetric inequality (see [13]), we have
AreaG
H2
(A) 6 C2 LengthG
H2
(∂A). (4.4)
Let p be a point on Σg. We take a disk Bt(p) with radius t and center
p on the hyperbolic surface Σg. Applying the polar coordinate of the
hyperbolic metric GH2 on Σg, we have
Area(Bt(p)) =
∫ t
0
LengthG
H2
(∂Bρ(p)) dρ.
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By (4.4), we have
d
dt
(Area(Bt(p))) = LengthG
H2
(∂Bt(p))
>
1
C2
Area(Bt(p)).
On the other hand, we have AreaG
H2
(Σg) = 4π(g − 1) by the Gauss-
Bonnet formula, so that
t 6 C3 log g.
Hence we have
diameter(Σg) 6 C3 log g (4.5)
with C3 a positive constant independent of g, which yields that
LengthG
H2
(ℓi) 6 C3 log g,
where {ℓ1, ℓ2, · · · , ℓ2gk} is a system of loops representing a homology
basis of H1(Σg;Z).
Let g be large enough. We construct an isometry map τ : Σg → Σg
of finite order (see [19]), such that
Order(τ) > c2 (log g)
1/2,
where Order(τ) stands for the order of τ, and c2 is a fixed positive con-
stant independent of g. Therefore, we obtain a sequence of arithmetic
hyperbolic surfaces {Σgk}∞k=1 such that
2 6 g1 < g2 < · · · < gk < · · · and lim
k→∞
gk =∞,
with a finite order isometry τk : Σgk → Σgk associated to each Σgk .
Construct the mapping torus
Mgk = Σgk × [0, 1]/(x, 0) ∼ (τk(x), 1),
where Σgk is the fiber surface. The monodromy represented by τk is of
finite order. According to Thurston’s theorem (Proposition 3.8), Mgk
has geometric structure H2 × R. Then on Mgk we have a Riemannian
metric Gk which is locally isometric to the standard product metric
on H2 × R. Hence in terms of the sequence of arithmetic hyperbolic
surfaces {Σgk}∞k=1, we have a sequence of Riemannian mapping tori
{(Mgk ,Gk)}∞k=1.
As the isometry map τk is of finite order, by Dehn-Lickorish theorem
(see Theorem 3.3), we have
τk = σ1 ◦ σ2 ◦ · · · ◦ σnk ,
where σ1, σ2, · · · , σnk are positive or negative Dehn twists along sim-
ple geodesic loops γ1, γ2, · · · , γnk in Σgk . The injectivity radius of Σgk
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is
Sys π1(Σgk ,GH2 )
2
. According to Theorem 3.6, there exists a positive
constant C(gk) only dependent on gk, such that nk 6 C(gk) and
Length(γi) 6 C(gk) for each i. For each Dehn twist σi, we perform
a Dehn surgery in Mgk . All Dehn surgeries are performed at different
fiber surface levels in the interval direction of Mgk . Let the radius εk
of solid tori in Dehn surgeries be small enough, which is controlled by
C(gk). Then all Dehn surgeries are mutually disjoint. We have a map-
ping torus with the monodromy represented by τ−1k ◦ τk, which is the
identity. Hence we obtain a mapping torus homeomorphic to Σgk ×S1.
The arithmetic hyperbolic surface Σgk has a system of 2gk nonsepa-
rating geodesic loops representing a basis of H1(Σgk ;Z). Around each
geodesic loop, we perform a Dehn surgery to let the geodesic loop be
contractible. When the radius εk is small enough, all of these 2gk Dehn
surgeries are mutually disjoint. Finally we obtain a 3-manifold home-
omorphic to S2 × S1, denoted S2 × S1gk . We use the cutoff function
technique to get a smooth Riemannian metric after each Dehn surgey,
see Section 6. After all nk + 2gk Dehn surgeries, we obtain a smooth
Riemannian metric Gˆk on S2 × S1gk . Hence we get a sequence of Rie-
mannian metrics on S2 × S1, denoted by
{(S2 × S1gk , Gˆk)}∞k=1.
In terms of systolic propositions of the arithmetic hyperbolic surface
Σgk and the homological property of S
2 × S1, as well as geometric
properties of Dehn surgeries, the following systolic bound estimations
can be derived on S2 × S1gk .
Theorem 4.2 (Freedman [19]). There exist positive constants c4, c5
and c6 independent of gk such that
(1)
SysH1(S
2 × S1gk , Ĝk;Z2) > c4 (log gk)1/2; (4.6)
(2)
SysH2(S
2 × S1gk , Ĝk;Z2) > c5 gk; (4.7)
(3)
VolĜk(S
2 × S1) 6 c6gk. (4.8)
Based on above esitmations in Theorem 4.2, we obtain (4.1). Hence
the 3-manifold S2×S1 is of Z2-coefficient homology (1, 2)-systolic free-
dom.
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5. 3-manifolds with semibundle structure
Roughly speaking, a 3-manifold with the semibundle structure is
composed by the union of two twisted I-bundles, which are glued to-
gether along their common boundary surfaces. We introduce some
preliminary knowledge of semibundles in this section, more details can
be found in [26, 27, 44].
Let M be a closed and connected 3-manifold. A halving of M is
an index two subgroup of π1(M). When M has a halving H, there
exists a two-sheeted covering 3-manifold whose fundamental group is
isomorphic to H , denoted MH . Assume that QH : MH → M is the
covering map, and αH : MH → MH is the covering translation. Then
we have M ≃MH/αH .
We express the unit circle S1 as the set of complex numbers with unit
module on the complex plane C1. Denote the closed interval [−1, 1] by
D1. Let τ : S1 → S1 be the map of complex conjugation, and q : S1 →
D1 be the projection map defined by z 7→ Re(z). The semibundle
structure of 3-manifolds can be defined in the following way, see Zulli
[44].
Definition 5.1. Let M be a closed and oriented connected 3-manifold
with the halving H . A map f : M → D1 is called a semibundle
subordinate to the halving H (or an H-semibundle) with regular fiber
surface Σ if there exists a two-sheeted covering surface bundle F :
MH → S1 with fiber surface Σ, such that q ◦F = f ◦QH and F ◦αH =
τ ◦ F.
The definition yields the following properties of an H-semibundle.
Proposition 5.2 (Zulli [44]). Let f : M → D1 be an H-semibundle.
Let Σg be a closed surface with genus g. Assume that the covering sur-
face bundle MH has fiber surface Σg.
(1) When t ∈ (−1, 1), f−1(t) is homeomorphic to the fiber surface
Σg of MH . The regular fiber surface f
−1(t) is lifted to two copies
of Σg in MH which are exchanged by αH . When t = −1 or
t = 1, f−1(t) is an embedded surface which is doubly covered by
the fiber surface F−1(t) = Σg.
(2) If we use J to denote the interval [−1, 0] or [0, 1], then f−1(J)
is a twisted I-bundle. Denote two twisted I-bundles f−1([−1, 0])
and f−1([0, 1]) by M1 and M2 respectively. We have M =M1∪
M2, and M1 ∩M2 = Σg.
We have the following estimation for homotopy 1-systole of an H-
semibundle M.
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Proposition 5.3. Let M be an H-semibundle with the Riemannian
metric G. We use G˜ to denote the covering metric on covering surface
bundle MH . Then we have
Sys π1(M,G) > 1
2
Sys π1(MH , G˜). (5.1)
Proof. For every noncontractible loop γ in M, there exists a lifting to
the covering surface bundle MH . We denote the lifting of γ in MH by
γ˜. Suppose that [γ] is the homotopy class in π1(M) represented by γ,
and [γ˜] is the homotopy class in π1(MH) represented by γ˜.
If [γ] ∈ H, as (QH)∗ : π1(MH)→ π1(M) is injective and
(QH)∗(π1(MH)) = H,
we must have [γ˜] 6= 1 in π1(MH). Hence we have
LengthG(γ) = LengthG˜(γ˜).
If [γ] ∈ π1(M) − H, as π1(M)/H ≃ Z2, we have π1(M) = H ∪ [γ]H
so that [γ]2 ∈ H. Hence the union γˆ = γ˜ ∪ αH(γ˜) is a noncontractible
loop in MH , which doubly covers γ. Then we have
LengthG(γ) =
1
2
LengthG˜(γˆ).
After taking the infimum over all noncontractible loops γ in M, we
have
Sys π1(M,G) > 1
2
Sys π1(MH , G˜).

6. Proof of the main theorem
The proof of Theorem 1.3 is separated into two steps. In the first
step, we apply Freedman’s technique (see Section 4) to construct a
sequence of Riemannian metrics on RP3#RP3, denoted by
{(RP3#RP3gk , Gˆk)}∞k=1.
Then in the second step, we prove that the sequence of metrics Gˆk
yields Z2-coefficient homology (1, 2)-systolic freedom.
Z2-COEFFICIENT HOMOLOGY (1, 2)-SYSTOLIC FREEDOM OF RP
3#RP3 15
6.1. Construction of Riemannian metrics on RP3#RP3. In Sec-
tion 4, we introduced Freedman’s proof of Z2-coefficient homology
(1, 2)-systolic freedom on S2 × S1. In Freedman’s work, a sequence
of arithmetic hyperbolic surfaces
{(Σgk , τk)}∞k=1,
is constructed, where τk : Σgk → Σgk is the isometry map of finite
order. Upon (Σgk , τk), the Riemannian mapping torus (Mgk ,Gk) is
constructed.
In this section, we use I1 to denote the interval [−1, 0], and use I2 to
denote the interval [0, 1]. Define two twisted I-bundles over I1 and I2
with the regular fiber surface Σgk , denoted Σgk×˜I1 and Σgk×˜I2 respec-
tively. For each k, we construct a 3-manifold Ngk with the following
semibundle structure: (
Σgk×˜I1
) ∪τk (Σgk×˜I2) ,
where the two twisted I-bundles are glued together along their com-
mon boundary surface Σgk . The 3-manifold Ngk is doubly covered by
the mapping torus Mgk . Hence there is a Riemannian metric on Ngk ,
which is locally isometric to the standard product metric on H2 × R,
denoted Gk. The Riemannian metric Gk on Mgk becomes the covering
metric. Denote π1(Mgk) byH . The 3-manifoldNgk is anH-semibundle.
Therefore in terms of {Σgk}∞k=1, we constructed a sequence of Riemann-
ian H-semibundles {(Ngk ,Gk)}∞k=1.
As mentioned in Section 4, the Dehn-Lickorish twist theorem implies
that the isometry map τk is decomposed into a sequence of nk Dehn
twists along 2gk + 1 nonseparating simple geodesic loops on Σgk . For
each Dehn twist, we perform a Dehn surgery. Moreover, all Dehn
surgeries are performed at different levels of the regular fiber surface
Σgk . Hence they are pairwise disjoint when the radius εk of solid tori is
small enough. After we finish all these Dehn surgeries, the 3-manifold
N ′gk obtained is homeomorphic to a semibundle which is doubly covered
by the surface bundle Σgk × S1. The metric change in Dehn surgeries
is described as follows.
Suppose that τk = σ1◦σ2◦· · ·◦σnk (see Section 4), where σ1, σ2, · · · , σnk
are Dehn twists along 2gk + 1 nonseparating simple geodesic loops on
Σgk . Moreover, we assume that the Dehn twist σi is along a nonsepa-
rating geodesic loop γi, for i = 1, 2, · · · , nk. All Dehn surgeries in Ngk
for these Dehn twists are performed at the following distinct regular
fiber surface levels:
γ1 ×
{
1
2
}
, γ2 ×
{
1
2
+
1
3nk
}
, · · · , γnk ×
{
1
2
+
nk − 1
3nk
}
.
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Let Li,k denote LengthG
H2
(γi). We have
Li,k 6 C(gk)
according to Theorem 3.6. Let Di be the Dehn surgery corresponding
to the twist σi. In Di, we first remove a solid torus Ti, εk with the radius
εk. The solid torus Ti, εk is a tubular neighborhood of a geodesic loop in
Ngk . And γi is the longitude loop on boundary torus ∂Ti, εk . The radius
εk is assumed to be small enough, which is less than 1/C(gk). Let
δk = εk/4. We fill in a solid torus T˜i, εk+δk with the radius εk+ δk to the
semibundle complement Ngk − T ◦i, εk . The filled in solid torus T˜i, εk+δk is
defined as follows. Let T¯i, εk+δk be the solid torus{
(r, θ, t)
∣∣∣∣0 6 r 6 Li, k2π + δk, 0 6 θ 6 2π, 0 6 t 6 2πεk
}/
∼,
with ∼ the identification (r, θ, 0) 7→ (r, θ, 2πεk). On T¯i, εk+δk , we define
the Euclidean metric G¯k, which is expressed as dr2+r2dθ2+dt2. Define
a smooth twisting map βi, k on the solid torus T¯i, εk+δk . When restricted
to the disk
{(r, θ, πεk)
∣∣∣∣0 6 r 6 Li, k2π + δk, 0 6 θ 6 2π}
in T¯i, εk+δk , the twisting map βi, k is a π-rotation. And outside of a
neighborhood of this disk, it is the identity map. After performing
the twisting βi, k on T¯i, εk+δk , we have the desired filled in solid torus
T˜i, εk+δk = βi, k(T¯i, εk+δk). The metric on T˜i, εk+δk is defined to be the
pullback metric (β−1i, k)
∗ G¯k, denoted G˜k.
Next we fill in the solid torus T˜i, εk+δk to the semibundle complement
Ngk − T ◦i, εk . Let Y¯i, k be an annulus product in the solid torus T¯i, εk+δk
defined by{
(r, θ, t)
∣∣∣∣Li, k2π 6 r 6 Li, k2π + δk, 0 6 θ 6 2π, 0 6 t 6 2πεk
}/
∼ .
Hence we have an annulus product Y˜i, k = βi, k(Y¯i, k) ⊂ T˜i,εk+δk . Let
Ti, εk+δk be the solid torus with radius εk + δk. The solid torus Ti, εk+δk
has the same core loop with Ti, εk , and Ti, εk ⊂ Ti, εk+δk . Define the
annulus product Yi, k ⊂ Ti, εk+δk by
{(r, θ, t) | εk 6 r 6 εk + δk, 0 6 θ 6 2π, 0 6 t 6 Li, k } / ∼,
so that Ti, εk+δk = Ti, εk ∪ Yi, k. The gluing map fi, k : Y˜i, k → Yi, k is
defined as
(r, θ, t) 7→
(
r − Li, k
2π
+ εk,
t
εk
,
Li, k
2π
θ
)
.
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We use T¯i, εk to denote the solid torus with radius Li, k/2π inside of
T¯i, εk+δk , and use T˜i, εk to denote βi, k(T¯i, εk). The solid torus T¯i, εk has
the same core loop with T¯i, εk+δk , and T¯i, εk+δk = T¯i, εk ∪ Y¯i, k. If m¯i, k
stands for the meridian loop{(
Li, k
2π
, θ, πεk
)∣∣∣∣ 0 6 θ 6 2π
}
of the boundary torus ∂T¯i, εk , then m˜i, k = βi, k(m¯i, k) is the meridian
loop on the boundary torus ∂T˜i, εk . After gluing by using the filling map
fi, k, we have ∂Ti, εk = fi, k(∂T˜i, εk). The meridian loop m˜i, k is glued with
the longitude loop γi on the boundary torus ∂Ti, εk .
In order to get a smooth Riemannian metric after the Dehn surgery
Di, we apply the cutoff function technique. Define a smooth cutoff
fucntion φi, k on Ngk = (Ngk − T ◦i, εk) ∪fi, k T˜i, εk+δk as follows:
φi, k(x) =


0, if x ∈ Ngk − (Ti, εk ∪ Yi, k)◦;
1, if x ∈ T˜i, εk .
Moreover, we let φi, k(x) ∈ (0, 1) for x ∈ Y ◦i, k. And for (εk+δk/2, θ, t) ∈
Y ◦i, k, with 0 6 θ 6 2π, 0 6 t 6 Li, k, the value of φi, k is assumed to be
equal to 1/2. In terms of the cutoff function φi, k, we define a smooth
Riemannian metric Gˆk on Ngk to be
Gˆk =


Gk if x ∈ Ngk − (Ti, εk ∪ Yi, k)◦;
φi, k · (f−1i, k )∗G˜k + (1− φi, k)Gk if x ∈ Y ◦i, k = fi, k
(
Y˜ ◦i, k
)
;
G˜k if x ∈ T˜i, εk .
For each i = 1, 2, · · · , nk, we use the cutoff function φi, k in the Dehn
surgery Di to get a smooth Riemannian metric. After these nk Dehn
surgeries, we have a smooth Riemannian metric Gk defined on N ′gk .
In addition, the fiber surface Σgk has a set of 2gk nonseparating sim-
ple geodesic loops {ℓ1, ℓ2, · · · , ℓ2gk} representing the basis ofH1(Σgk ; Z).
We perform a Dehn surgery around each geodesic loop ℓj, with j =
1, 2, · · · , 2gk. All of these 2gk Dehn surgeries in N ′gk are performed at
the following different regular fiber surface levels:
ℓ1 ×
{
5
6
}
, ℓ2 ×
{
5
6
+
1
12gk
}
, · · · , ℓ2gk ×
{
5
6
+
2gk − 1
12gk
}
.
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Hence together with Dehn surgeries Di corresponding to Dehn twists
σi, all Dehn surgeries are pairwise disjoint when the radius εk of re-
moved out solid tori is small enough. Compared with Dehn surgeries
Di corresponding to Dehn twists σi, the difference of Dehn surgeries
here is that it is not needed to twist the filled in solid tori. Other
steps are the same. After each Dehn surgery, the cutoff function tech-
nique is used to obtain a smooth Riemannian metric. Upon finishing
these additional 2gk Dehn surgeries, we obtain a 3-manifold N
′′
gk
whose
double covering manifold is homeomorphic to S2 × S1. Hence we have
π1(N
′′
gk
) = Z2 ∗ Z2, so that N ′′gk is homeomorphic to RP3#RP3. We use
RP3#RP3gk to denote N
′′
gk
in the following. The smooth Riemannian
metric on RP3#RP3gk obtained through the cutoff function technique is
still denoted Gˆk without any confusion. Therefore we have a sequence
of Riemannian 3-manifolds {(RP3#RP3gk , Gˆk)}∞k=1.
6.2. Z2-coefficient homology (1, 2)-systolic freedom. We show that
under the sequence of Riemannian metrics {Gˆk}∞k=1,
inf
k
Vol
Gˆk
(RP3#RP3gk)
SysH1(RP3#RP3gk , Gˆk;Z2) · SysH2(RP3#RP3gk , Gˆk;Z2)
= 0. (6.1)
The equality (6.1) implies that RP3#RP3 is of Z2-coefficient homology
(1, 2)-systolic freedom.
We prove (6.1) by establishing estimates similar to those in Theorem
4.2. For Z2-coefficient homology 1-systole, we have the following lower
bound estimation.
Proposition 6.1. When k is large enough, the Z2-coefficient homology
1-systole of (RP3#RP3gk , Gˆk) satisfies
SysH1(RP
3#RP3gk , Gˆk;Z2) > s1(log gk)
1/2, (6.2)
where s1 is a positive constant independent of gk.
Proof. Let γ be a noncontractible loop in RP3#RP3gk . If γ intersects
with a solid torus T˜i, εk+δk in Dehn surgeries, we use a geodesic arc
on the boundary torus ∂T˜i, εk+δk to substitute the arc inside of the
solid torus. The substitution geodesic arc on the boundary torus is
composed with a geodesic arc parallel to the longitude geodesic loop
and another geodesic arc parallel to the meridian geodesic loop. After
such a substitution, the length increase will not exceed the length of
meridian geodesic loop of the boundary torus. When we finish all
possible substitutions by considering all Dehn surgeries, we have a new
loop γ′ ⊂ RP3#RP3gk . Assume that k is large enough. The radius εk of
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solid tori would be small enough. So that γ′ is homotopic to γ, which
is noncontractible. We have the following estimation for the length
difference,∣∣Length
Gˆk
(γ)− Length
Gˆk
(γ′)
∣∣ 6 2π(εk + δk)(nk + 2gk)
6
5π
2
(C(gk) + 2gk)εk,
where the last inequality holds because of Theorem 3.6, also see Freed-
man’s example in Section 4. Assume that εk =
1
gk·C(gk) . When k is large
enough, there exists a constant C independent of gk (for example, we
can let C = 1) such that
Length
Gˆk
(γ) > Length
Gˆk
(γ′)− C.
As γ′ has no intersection with solid tori of Dehn surgeries, it is a noncon-
tractible loop in the semibundle Ngk after we do reverse Dehn surgeries
on RP3#RP3gk . Therefore we have
Length
Gˆk
(γ) > Length
Gˆk
(γ′)− C
> Sys π1(Ngk ,Gk)− C
>
1
2
Sys π1(Mgk ,Gk)− C,
where the last inequality holds because of inequality (5.1) in Proposi-
tion 5.3. The proof of Proposition 2.3 in Freedman [19] in fact implies
that
Sys π1(Mgk , Gk) > C ′ (log gk)1/2,
where C ′ is a constant independent of gk. Hence we have
Length
Gˆk
(γ) >
1
2
C ′ (log gk)
1/2 − C.
After taking the infimum over all noncontractible loops γ in RP3#RP3gk ,
we have
Sys π1(RP
3#RP3gk , Gˆk) > s1 (log gk)
1/2,
where s1 is a positive constant independent of gk. The inequality (6.2)
is implied by the following property of systoles:
SysH1(RP
3#RP3, Gˆk;Z2) > Sys π1(RP
3#RP3gk , Gˆk).

For Z2-coefficent homology 2-systole, we have the following lower
bound estimation.
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Proposition 6.2. When k is large enough, the Z2-coefficient homology
2-systole of (RP3#RP3gk , Gˆk) satisfies
SysH2(RP
3#RP3gk , Gˆk;Z2) > s2 gk, (6.3)
where s2 is a positive constant independent of gk.
Proof. Assume that Xk is a smooth embedded surface in RP
3#RP3gk ,
which is area minimizing among all surfaces representing a nonzero ho-
mology class in H2(RP
3#RP3gk ;Z2). The existence of Xk is guaranteed
by the geometric measure theory. We assume that ((S2 × S1gk)′,G ′k) is
the Riemannian covering manifold of (RP3#RP3gk , Gˆk). Compared with
S2×S1gk in Freedman’s example, the 3-manifold (S2×S1gk)′ is obtained
from Mgk by doing similar Dehn surgeries, but the number of Dehn
surgeries is doubled. The smooth Riemannian metric G ′k on (S2×S1gk)′
is obtained by applying the cutoff function technique, see Section 6.1.
If we let the radius εk of solid tori in Dehn surgeries performed on Mgk
be small enough, by applying Freedman’s technique ( see Theorem 4.2
), we have
SysH2((S
2 × S1gk)′,G ′k;Z2) > Cgk, (6.4)
where C is a positive constant independent of gk. On the other hand,
the surface Xk either can be lifted to a nonseparating surface X˜k in
(S2 × S1gk)′, or is doubly covered by a nonseparating surface X˜k in
(S2 × S1gk)′. Hence we have
Area
Gˆk
(Xk) >
1
2
AreaG′k(X˜k)
>
1
2
SysH2((S
2 × S1gk)′,G ′k;Z2)
>
1
2
Cgk.
Therefore,
SysH2(RP
3#RP3gk , Gˆk;Z2) > s2gk,
where s2 is a positive constant independent of gk. 
For volume, we have the following upper bound estimation.
Proposition 6.3. When k is large enough, the volume of
(RP3#RP3gk , Gˆk)
satisfies
Vol
Gˆk
(RP3#RP3gk) 6 s3 gk, (6.5)
where s3 is a positive constant independent of gk.
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Proof. To be the same as above, we use ((S2× S1gk)′,G ′k) to denote the
two-sheeted Riemannian covering manifold of (RP3#RP3gk , Gˆk). When
k is large enough, the radius εk of solid tori in Dehn surgeries onMgk is
small enough, then applying Freedman’s technique ( see Theorem 4.2
), we have
VolG′k((S
2 × S1gk)′) 6 Cgk,
where C is a positive constant independent of gk. On the other hand,
we have
Vol
Gˆk
(RP3#RP3gk) =
1
2
VolG′k((S
2 × S1gk)′).
Hence the inequality (6.5) holds. 
Based on above estimates (6.2), (6.3) and (6.5), we have
Vol
Gˆk
(RP3#RP3gk)
SysH1(RP3#RP3gk , Gˆk;Z2) · SysH2(RP3#RP3gk , Gˆk;Z2)
6
s3gk
s1(log gk)1/2 · s2gk .
Therefore, we have (6.1) by letting k →∞.
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